The generalized Hamming weights (GHWs) are fundamental parameters of linear codes. In this paper, we investigate the generalized Hamming weights of two classes of linear codes constructed from defining sets and determine them completely employing a number-theoretic approach.
Introduction
Let F p be the finite field with p elements, where p is an odd prime. An [n, k] linear code C over F p is a k-dimensional subspace of the linear space F n p . For any linear subcode U ⊂ C, the support of U is defined to be Supp(U ) = {i : 1 ≤ i ≤ n, x i = 0 for some x = (x 1 , x 2 , . . . , x n ) ∈ U }. For 1 ≤ r ≤ k, the r-th generalized Hamming weight (GHW) of C is given by d r (C) = min{|Supp(U )| : U ⊂ C, dim Fp (U ) = r}, where |Supp(U )| denotes the cardinality of Supp(U ). By definition, d 1 (C) is just the minimum distance of C. The set {d r (C) : 1 ≤ r ≤ k} is called the weight hierarchy of C.
The concept of GHWs was first introduced in [10, 14] , and rediscovered by Wei [24] to fully characterize the performance of linear codes when used in a wire-tap channel of type II or as a t-resilient function. Indeed, the GHWs provide detailed structural information of linear codes, which can also be used to compute the state complexity of trellis diagrams for linear block codes [7] , to determine the erasure list-decodability of linear codes [8] and so on.
In general, the determination of weight hierarchy is very difficult and there are only a few classes of linear codes whose weight hierarchies are known (see Section 4) . In this paper, we construct two classes of linear codes and determine their weight hierarchies using exponential sums. In some cases they are optimal with respect to known bounds.
The rest of this paper is organized as follows. In Section 2, we review basic concepts and results on exponential sums together with previously known results on GHWs. In Section 3, we investigate the generalized Hamming weights of two classes of linear codes. In Section 4, we conclude this paper.
Preliminaries

Characters, cyclotomic classes and exponential sums over finite fields
We introduce several basic results on characters, cyclotomic classes and exponential sums used in this paper. For more details, please see Chapter 5 of the book [18] .
Let F q be the finite field with q elements, where q is a power of a prime p. Define the canonical additive character of F q as
is the primitive p-th root of unity and Tr q/p is the trace function from F q to F p . The orthogonal property of additive characters is given by
For F * q = α and a positive integer N > 1 such that N |(q − 1), we define
where α N denotes the cyclic subgroup of F * q generated by α N . The cosets
are called the cyclotomic classes of order N in F q . The Gaussian periods of order N over F q are defined by 
and η (2,q) 1
Let M ≥ 2 be an integer and q = p 2f h , where f is the least positive integer satisfying p f ≡ −1 (mod M ) and gcd(h, p) = 1. The values of the following exponential sum
were determined in terms of Gauss periods in [15] . We summarize the results in the following lemma.
are odd and
Bounds and formulas of GHWs
Here we present three bounds on GHWs of linear codes. The reader may refer to the literature [23] for them.
(1) Singleton type bound:
(2) Plotkin-like bound:
(3) Griesmer-like bound:
We recall a generic construction of linear codes proposed by Ding et al. [4] . Let D = {d 1 , d 2 , . . . , d n } ⊂ F q , define a p-ary linear code of length n by
The set D is called the defining set of C D . Recently, many good linear codes were constructed by chosing appropriate defining sets [22, 28, 11, 5, 6, 26] .
To calculate GHWs of the code C D , we present two formulas which are essentially proved in [27] (see also [12, 16] 
where
χ(ax).
Main results and proofs
From now on we fix the following notations.
• q = p m , p is an odd prime, m is a positive integer with gcd(m, p) = 1.
• α is a primitive element of F q .
• d = 1 or q−1 p+1 .
• s = m 2 , we only consider the case that s is an odd integer if d = q−1 p+1 .
• ζ p = e 2π √ −1 p is the primitive p-th root of unity.
• χ h is the canonical additive character of F p h .
• Tr h e is the trace function from F p h to F p e .
• The defining set D of the code C D is
• D = D ∪ {0}.
Let c be a mapping from F q to F By the orthogonal property of additive characters we can determine the length and dimension of C D .
p+1 and p ≡ 1 (mod 4),
p+1 and p ≡ 3 (mod 4),
Proof. By definition,
and for a ∈ F q , the Hamming weight of c(a) is
Since gcd(m, p) = 1, s ∈ F * p . Let I = {f : f is an even number with 0 ≤
By Lemma 1 and formula (1), (2) 
Now we determine GHWs of the code C D .
Proof. Indeed we can not use Lemma 4 directly, but by the same principle we have 
